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Abstract

In this paper we show if R is a filtered ring, then we can define fuzzy subgroup. Then we show
that it has abelian fuzzy subset some of fuzzy- group and fuzzy set properties. Also we prove
some properties for strongly filtered ring.
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1 Introduction

The pioneering work of Zadeh on fuzzy subsets of a set in [1] and Rosenfeld on fuzzy subgroups of
a group in [2] led to the fuzzification of algebraic structures. In this chapter, we begin the study
of fuzzy subgroups of a group. We assume that the least upper bound of the empty set is 0 and
the greatest lower bound of the empty set is 1. We let X, Y and Z denote nonempty sets. We
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let N denote the set of positive integers, Z the set of all integers, Q the set of rational numbers,
R the set of real numbers, and ¢ the empty set. Unless otherwise stated I denotes an arbitrary
nonempty index set. Many of the results of this article are taken from Yu, Mordeson and Cheng [3].
An extensive list of references of the material used in the development of [3] can be found there,
for example see [4], [2], [5] and [6]. On the other hand we know that filtered ring is also a most
important structure since filtered ring is a base for graded ring especially associated graded ring
and completion and some result like on the Andreadakis—Johnson filtration of the automorphism
group of a free group [7] on the depth of the associated graded ring of a filtration[8], [9]. So as these
important structure the relation between these structure is useful for finding some new structure.

In this article we define a fuzzy group for a filtered ring, and find many new relation and structure.

2 Preliminaries

We write A for minimum or infimum and V for maximum or supremum

A fuzzy subset of X is a function from X into [0,1]. The set of all fuzzy subset of X is called
the fuzzy power set of X and is denoted by FP(X). Let u € FP(X). Then the set {u(z)|z € X}
is called image of p. It is denoted by u(X) or Im(u). The set {z|z € X, pu(z) > 0}, is called the
support of u, and is denoted by p*. In particular, u is called a finite fuzzy subset, if p* is a finite
set, and an infinite fuzzy subset otherwise. Let Y C X and a € [0,1]. We define ay € FP(X) as
follows:

a for xzeY
ay(x):{ 0 for zeX\Y

Let G be a set. We define the binary operation “o” on F'P(G) and the unary operation
on FP(G) as follows:

w—1»

Vu,v € FP(G) and Vz € G
Then we have
(mov)(@) =V{u(y) Av(z)ly, 2z € G yz = x}
and
i @) = ().

Let 4 € FP(G). Then u is called a fuzzy subgroup of G, if:

plry) > p(z) Aply)  Vo,y el

, and
pz Yy >p(x) Vred .

The set of all fuzzy subgroups of G denoted by F(G).
Lemma 2.1. Let p € FP(G). Then Vz € G,
pn(e) > p(x);
() = p(z™")
Proof. see([8], [2]). O

Let p € FP(G), and
(W) = ({6 Cvv € FG)}
Then (u) is called the fuzzy subgroup of G generated by pu.
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Theorem 2.2. Let u € FP(G). Then the following assertions are equivalent:
i)
wzy) = plyz)  Vo,y € G
In this case, i is called an Abelian fuzzy subset of G.

0
) plryz™') = p(y) Va,y € G.

i)
plryz™') > p(y) Va,y € G.

)
playz™") < ply) Yo,y €G.

v)
pov=vopu YveFP(G).

Proof. see([8] ,[2]). O

Let p € F(G). Then p is called a normal fuzzy subgroup of G, if it is an Abelian fuzzy subset
of G. NF(G) denotes the set of all normal fuzzy subgroups of G.

Remark 2.1. Let G and H be groups, and let u € F(G) and v € F(H).

A homomorphism f of G onto H is called a weak homomorphism of u into v, if f(u) Cwv. If f
is a weak homomorphism of p into v, then we say that p is weakly homomorphic to v.

A filtered ring R is a ring together with a family {R.}, ., of subgroups of R satisfying the
following conditions:

i) Ro =R,
ii) Rn4+1 C Ry, for all n > 0;
iii) RpnRm C Rntm for all n,m > 0.
Let R be a ring together with a family {R"}nzo of subgroups of R satisfying the following conditions:
i) Ro = R;
ii) Rnt1 C R, forall n > 0;
iii) RpRm = Rptm for all n,m > 0,
Then we say R has a strong filtration.

A map f: M — N is called a homomorphism of filtered modules, if: (i) f is R-module an
homomorphism, and (ii) f(My) C N, for alln >0

3  Fuzzy Subgroup Derived from Filtered Ring

Let R be a ring with a unit not necessary commutative ring.

Theorem 3.1. Let R be a nontrivial filtered ring with filtration {Rn}nZO such that we have Ry 2D
Ri D Ry..., then pu(z) = ﬁ wheren =min {i |z ¢ R; } is a fuzzy subgroup on F(G) where G = R.

Proof. We should show
w(zy) > plx) Aply)  Vo,yeG .
Now let
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so xy € Rp_1.
On the other hand, let

u(z) = where n=min{i|z ¢ R; }
and

u(y) = |R71| where m =min{i|z ¢ R; }

so v ¢ Rn, and y ¢ Rn.

Without losing the generality let n < m and R,, C Ry, then = ¢ R,,.
We have zy € Rp,—1Rm—1 C Rmyn—2 sincex € R,,—1 and y € Ry—1.

Therefore R C Ry,+m—1 hence < -1
|Rn+m72| |Rk—1|

Since n +m — 2 >n — 2 then R,_2 O Ryym—2 similarly Ry—2 O Rntm—2-

If Rnym—2 ¢ Rn—1, and Ryym—2 ¢ Rm—1,thenn—1>n4+m—2,and m—1>n+m — 2, so
n>n+m—1,and m>n+m—1. Now we have m < 1land n < 1sincen <m <1, and n,m > 0,
hence Ry C Rp4m—2 then n +m = 2 it is a contradiction. Consequently Rpym-2 C Rn,_1 or
Rutm—2 C Rim—1, then p(zy) > min {u(z), u(y)}. So for all z,y € G we have u(zy) > u(x) A p(y).

Now we show
-1
wax=) > plx) Vel
If u(z™') < p(zx), there exists n,m such that 2% € R,_1, and € Rp_1, then 1 € Ryim—2 s0
% € Rpym—3, and 27! € Rpqm_3, since n,m > 1 and it is contradiction. O

Lemma 3.2. The Fuzzy Group derived from filtration as above u is abelian fuzzy subset

Proof. By theorem 3.1 we have

p(zy) = min {pu(z), pu(y)},
and

p(yz) = min {p(z), 1n(y)} -

If u(zy) # pu(yx) with out losing of generality, let u(zy) > u(yz), so w(zyy ™) > u(yzy '), then
p(x) > min{p(z), u(y)}, and it is contradiction. Hence p(xy) = p(yz). By theorem (2.1.) p is
abelian fuzzy subset. O

Proposition 3.1. If R is a strongly filtered ring and p is fuzzy subgroup derived from strongly
filtration. Then {(u) is a normal fussy subgroup.

Proof. By Theorem 3.1, and Definition 2, and Lemma 3.2. O
Proposition 3.2. Let R and S be two filtered rings with filtration {R;}icz and {S; }icz with derived

fuzzy group pw and v. If f : R — S is a homomorphism of filtered module. Then f is weakly
homomorphism of p into v, and u is weakly homomorphic to v.

Proof. By Theorem 3.1 and Definition 2. O
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